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LG1 cam on

Trude tién toi xin gl 161 cAm on chan thanh va sau sic nhat t6i GS. TS
Lé Thi Thanh Nhan. Mac du rat ban ron trong cong viéc, song ngay ti
nhitng ngay dau tien Co da luon tan tinh chi bao, huéng dan va dua ra
nhing 161 khuyén c6 ich gitp t6i hoan thién luan van nay.

Toi cling xin gii 16i cAm on t6i cac thay, co can bo khoa Toan - Tin,
truong Dai hoc Khoa hoc - Dai hoc Thai Nguyén, Ban giam hiéu va cac
dong nghiép truong Trung hoc pho thong Hoanh Bo6 - Tinh Quang Ninh
ciing cac ban tap thé 16p Cao hoc Toan K11D, da khong chi trang bi cho
toi nhitng kién thic bd ich ma con luon ludn gitp dé toi, tao diéu kién cho
toi trong thoi gian theo hoc tai truong.

Cudi cling, toi xin chan thanh bay té long biét on dén gia dinh, ban be,
nhitng nguoi da khong ngitng ting ho, dong vién, hd trg va tao moi diéu
kién gitp t6i vuct qua nhitng kho khan dé hoan thién luan van.



MG dau

Tinh bat kha quy ctia da thic véi hé sé nguyeén trén truong céc so6 phiic
C va trén truong cic s6 thie R da duge gidi quyét ti thé ky 19 thong qua
Dinh 1y co ban ctia Dai s6. Tuy nhién, tinh bat kha quy ctia da thic véi
hé s6 nguyén trén truong céc so6 hitu ty Q dén nay van dang théich thic
cac nha Toan hoc trén thé gidi.

Trong luan vin nay, tac gia trinh bay lai mot s tieu chuan bat kha quy
ctia da thitc trén truong s6 hitu ty Q véi hé sd nguyén trong cac bai bao
gan day [8] va [11].

Luan van gom 2 chuong. Trong chuong 1, chiing toi trinh bay hai tiéu
chuan bat kha quy noi tiéng. Phan 1.1 trinh bay Tiéu chuan Eisenstein va
cac md rong. Phan 1.2 trinh bay tieu chuan rit gon theo module mot s6
nguyén t6 v phét bicu ddo ctia ticu chuan nay. Noi dung chuong 1 duge
viét theo bai béo [11] cud R. Thangadurai nam 2007.

Chuong 2 trinh bay cac tiéu chuan bat kha quy trén trudng cac so hitu
ty Q lien quan dén céc gié tri kha nghich va gia tri nguyeén t6 ctia da thic
v6i hé s6 nguyen. Phan 2.1 trinh bay céc tiéu chuan vé sy lién quan gitta
gia tri kha nghich véi tinh bat kha quy ctia da thitc. Phan 2.2 trinh bay vé
moi quan hé gitta gia tri nguyén t6 va tinh bat kha quy. Cac két qua ¢ hai
phan nay cing duge viét dya theo bai bao [11] cia R. Thangadurai nam
2007. Phan 2.3 trinh bay mot tieu chuan bat kha quy méi trén truong Q
cac so hitu ty lien quan dén da thiic c¢6 cac hé s6 nguyén ting dan theo chi
s6 va ¢6 hé s6 cao nhat nguyen t6 hodc nhan it nhat mot gia tri nguyen
t6. Két qué ctia phan nay dugc viét dua theo bai béo [8] ctia A. Jakhar va
N. Sangwan nam 2018. Phan 2.4 trinh bay vé gia tri nguyeén t6 tai d6i sb
du 16n va tinh bat kha quy cta da thic véi hé s6 nguyén. Noi dung clia
phan nay dugc viét trén co sé noi dung bai bao [11] ctia R. Thangadurai
nam 2007.



Trong luan van nay, cac tiéu chuan trong cac phan 2.1 vé gia tri kha
nghich va tinh bat kha quy; phan 2.2 vé gia tri nguyén té va tinh bat kha
quy; phan 2.3 vé tiéu chuan méi cho tinh bat kha quy la nhitng két qua
chua dugc trinh bay trong bat cit luan vian thac s nao truée day.

Hon thé, trong cac phan 1.1, 1.2, 2.4, mac dit c6 mot s6 két qua da
quen biét va dugc trinh bay trong mot vai luan van truée day (xem [1],
2]), nhung céch ching minh va vi du hau nhu 1a méi, do chinh tac gia
luan van tu tinh toan. Dic biét néu trong luan van [2], Nguyén Van Lap
chitng minh da thic 2* — 222 + 9 14 bat kha quy tren Q nhung khong bat
kha quy trén Z, v6i moi s nguyén td p bang cach sit dung kién thic ve
nhém, thi trong luan van nay ching minh da thic z* + 1 bat kha quy tren
Q nhung khé quy trén Z, véi moi sd nguyén to p bang cach st dung kién
thiic vé truong hitu han.

Thar Nguyén, ngay 25 thang 5 nam 2019
Tac gia luan van

Pham Thi Thu Trang



Chuong 1

Tiéu chuan Eisenstein va tiéu chuan
rat gon theo module mot s6 nguyén

t

On

Mot da thic v6i hé sé trén mot trudng dudce goi 1a bat khd quy néu nod
¢6 bac duong va khong phan tich duge thanh tich ctia hai da thitc c¢6 bac
thap hon. Mot da thitc bac duong véi hé s6 trén mot truong 1a khd quy
néu noé la tich ciia hai da thitc véi bac thap hon.

Chua ¥y rang tinh bat kha quy ctia da thic phu thudc vao truong co sé.
Chéng han, da thic 22 — 2 14 bat kha quy tren truong Q céac s6 hitu ty,
nhung khong bat kha quy trén truong R céc sb6 thuc. Da thic 22 + 1 bét
kha quy trén truong R nhung khong bat khi quy trén truong C céic sb
phrtic.

Tinh bat kha quy trén trudng cac sd phiic va trén trudng cac so thue da
duge 1lam ré nho Dinh 1§ co ban ctia Dai s6: Mo da thic bac duong vdi hé
so phitc deu cé it nhat mot nghiém phic. Vi thé cac da thic bat kha quy
tren C 1a va chi 1a cac da thic bac nhat. Cac da thic bat kha quy tréen R
1a va chi 1& cac da thic bac nhat hoic da thic bac hai c6 biét thitc am.

Cau héi duge dat ra 1a khi nao da thitc f(z) da cho 1a kha quy hay bat
kha quy trén Q? Cho dén nay, khong c6 diéu kién can va di ndo cé thé ap
dung dugc cho tat ca cac da thiic, ma ta chi c6 mot sbé tieu chuan dé kiém
tra tinh bat kha quy ctia mot sé trudng hop cu thé.

R6 rang moi da thitc bac nhat déu bat kha quy trén Q. Cac da thic bac
hai va bac ba 1a bat kha quy trén Q néu va chi néu né khong c6 nghiem
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hitu ty. Déi v6i da thitc bac 16n hon 3, néu da thic c6 nghiém httu ty thi
né khong bat kha quy. Tuy nhién didu ngugc lai khong ding. Chang han,
da thitc (22 + 1)? khong c6 nghiém hitu ty, nhung khong bat kha quy.
Trong chuong nay, ching toi trinh bay hai tiéu chuan noi tiéng vé tinh
bat kha quy trén truong cac s6 hitu ty Q ctia da thic v6i hé s6 nguyen
dya theo bai bao [11] ctia R. Thangadurai. Phan thit nhat danh dé trinh
bay Tiéu chuan Eisensrein vd mot s6 md rong ctia né. Mé rong thi nhat
duge phat hién béi H. Chao trong bai bao A Generalization of Fisenstein’s
Criterion, Mathematics Magazine, Vol. 47 (1974), 158-159 va mé rong thit
hai dugc duwa ra béi S. H. Weintraub trong bai bao A mild generazation of
Fisenstein criterion, Proceedings of the American Mathematical Society,
Vol. 141 (2013), 1159-1160. Phan tiép theo trinh bay mot trong nhitng ticu
chuan bat kha quy phd bién nhat, dé 1a tieu chuan rat gon theo module
mot sé nguyen t6. Phat biéu dao ciia tieu chuan nay khong con ding nita,

chiing t6i dua ra mot ching minh chi tiét dé minh hoa diéu nay.

1.1 Tiéu chuan Eisenstein va mo6t s6 md rong

Trong muc nay, chiing t6i trinh bay lai tiéu chuan Eisenstein vi mot s6
md rong lien quan vé tinh bat kha quy ctia cac da thic véi hé s6 nguyen
trén truong cac sd hitu ti Q. Day 1a mot trong nhiing tiéu chuan quen
thuoc thuong dude stt dung khi lam cac bai toan vé tinh bat kha quy cla
da thic trén Q.

Cho

1

f(x) =apx™ + ap_12" " 4+ - 4+ a1 + ag

la da thic bac n véi a; € Z, a, # 0.

Tiéu chuan bat kha quy duge biét dén nhieu nhat hién nay la tiéu chuan
Eisenstein, dugc phat biéu nhu sau.
1.1.1 Dinh 1y 1. Cho da thitc f(z) = a,2™ + ap_ 12"+ - + a1x + ag
la da thitc vdi hé s6 nguyén cé bac n > 0. Néu ton tai mot so nguyén to
p sao cho ptan,p|a; véi moii=0,1,...,n—1 vdpQJ(ag, thi da thic
f(z) bat kha quy trén Q.

Ching minh. Gia st f(z) kha quy trén Q. Theo B6 dé Gauss, ton tai biéu
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dién f(z) = g(z)h(x), trong d6 g(x) = bya™ + -+ + bix + by € Z[x] va
h(z) = cga® + - + 1 + ¢ € Z[x] v6i deg g(x) = m, degh(x) = k va
m,k < n. Do p la uéc ciia ag = bocy nén p | by hodc p | cg. Mt khac, p?
khong 1 uéc ciia ag nén trong hai s6 by va ¢y, chi c6 mot va chi mot sé chia
hét cho p. Gia thiét p | ¢g. Khi d6 by khong chia hét cho p. Vi a,, = by,cy
va p { a, nén b, va ¢, déu khong chia hét cho p. Do d6 ton tai s6 r bé

nhat sao cho ¢, khong 1a bai ctia p. Ta co
a, = boc, + (bicy—1 + bacr—o + -+ - + byq).
Vir <k <nnénp|a, Theo cich chon r ta c6
plbic,—1 +boc,—o+ -+ bcy.

Suy ra p | boc,, diéu nay 1a vo 1i vi c& hai s6 by va ¢, déu khong 1a boi clia
p. Vay f(x) la bat kha quy trén Q. O

Cac da thitc théa man Dinh 1y 1 dude goi la da thic Eisenstein. Chang
han, da thic 2® — 42* + 1823 4 2422 + 42 + 6 1a da thic Eisenstein vi né
bat kha quy theo Tiéu chuan Eisenstein véi p = 2.

Thong thuong, Tiéu chuan Eisenstein khong ap dung duge tryc tiép cho
da thic f(x), ma chiing ta c6 thé ap dung cho da thic f(x + a) véi a
1a hang s6 nao d6. Chu y rang da thic f(x) 1a bat kha quy trén Q néu
va chi néu da thic f(x + a) 1a bat kh& quy tréen Q v6i moi s6 nguyen a.
Do vay, chiing ta c6 ging tim hing s6 a v6i hy vong khi bién déi da thic
f(z+ a) ta dugec mot da thitc méi théa man cac didu kién ctia Tiéu chuan
Eisenstein. Dudi day 1a mot vi du vé tinh bat kha quy ctia da thic chia
duong tron thit p véi p 1a mot s6 nguyén to.

1.1.2 Vi du 1. Cho p la sd nguyén t6. Khi d6 da thic chia duong tron
thi p

f(z) N I |
1a bat kha quy trén Q.

Ching minh. Da thic f(z) = 2?71+ 2P™2 + ... + 2+ 1 ¢6 cac hé sd déu
bang 1 nén khong thé ap dung truc tiép Tiéu chuan Eisenstein dé xét tinh
bat kha quy cta f(z).



P —1

Chu y rang f(z) =

. Suy ra, chon a =1 ta c6

r+1)P—1 _ _ _ _
f(x—l—l):( x) ="'+ CoaP T+ + CP P+ O
|
trong do C’]]f = m 1a s6 to hop chap k ctia p phan ti. Do p nguyén
t6 nén Cff la boi clia p v6i moi k = 1,2,...,p—2 va C4~! = p khong la

boi ctia p?. Vivay f(z + 1) 1a bat kha quy theo Tieu chuan Eisenstein (4p
dung cho $6 nguyen t6 p). Do d6 f(z) bat kha quy trén Q. O

Nhu vay, thong qua tiéu chuan Eisenstein, tit bai todn ban dau vé xét
tinh bat kha quy clia da thitc bac n v6i hé s6 nguyén, ta dua vé bai toan
phan tich n hé s6 clia da thic méi f(z + a), sau khi bién doi da thiic
f(z 4+ a) can tim ra wdc chung nguyén t6 phu hgp ciia cac he s6, trit he
s6 cao nhat, ciia da thiic f(x + a). Hién nhién, ching ta cd gang bién doi
da thitc dé tao ra da thitc méi véi hé s6 16n hon, nhung nhiem vu sau dé
la tinh toan va kiém tra cac uéc nguyeén t6 chung ciia cac hé sé théa man
diéu kien trong Tiéu chuan Eisenstein. Tuy nhién, ching ta chua chic chin
ve sut ton tai clia phép bién doi dé da thitc ban dau chuyén thanh da thic
méi c6 thé 4p dung tieu chuan Eisenstein, tiic 1a chua chic da tim dudc
s6 nguyen a dé da thitc f(z + a) 4p dung duge Tiéu chuan Eisenstein ting
v6i mot s6 nguyén t6 p nao d6. Vi du, ngudi ta da chi ra rang da thiic
zt — 1022 4+ 1 1a bat kha quy trén Q nhung khong tim duge sb6 nguyén a
dé da thic

(x +a)* —10(z +a)* + 1

bat kha quy theo Tiéu chuan Eisenstein v6i mot s6 nguyén t6 p nao doé.
Trong phan cudi ciia muc nay, chiung ta nhac lai mot s6 mé rong cla
Tiéu chuan Eisenstein. Trudce hét ching ta nhéc lai tiéu chuan bat kha
quy cua H. Chao trong bai bao A Generalization of Fisenstein’s Criterion,
Mathematics Magazine, Vol. 47 (1974), 158-1509.
1.1.3 Dinh 1y 2. Cho f(x) = a,a” + ... + a1z + ag la da thic bic n vdi
hé so nguyén. Gid st p la mot s6 nguyén to sao cho c¢é hai chi s6 t # k
théa man: p khong la udc cia as, p la wdc cia a; véi moii # t va p* khong
la udc cia ay. Khi dé néu f(x) la tich cia hai da thiic vdi hé sé6 nguyén,
thi mot trong hai da thiic dé cé bac Ién hon hodc bang |t — k |.
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